We derived analytical forward and inverse solution of thermoacoustic wave equation for nonhomogeneous medium. We modelled the nonhomogeneous medium as a multi-layer planar medium and defined initial conditions, continuity conditions on the layer boundaries and radiation conditions at infinity assuming the source distribution existing in all layers. These solutions of thermoacoustic wave equation are based on the method of Green's functions for layered planar media. For qualitative testing and comparison of the point-spread functions associated with the homogeneous and layered solutions, we performed numerical simulations. Our simulation results showed that the conventional inverse solution based on homogeneous medium assumption, as expected, produced incorrect locations of point sources, whereas our inverse solution involving the multi-layer planar medium produced point sources at the correct source locations. Also, we examined whether the performance of our layered inverse solution is sensitive to medium parameters used as priority information in the measured data. Our inverse solutions based on multi-layer planar media are applicable for cross-sectional two-dimensional imaging of abdominal structure and the organs such as breast and skin.
Introduction
Thermoacoustic tomography is a hybrid biomedical imaging modality, combining the high contrast and good tissue penetration of microwave and high spatial resolution of ultrasound imaging without harmful side effects [4, 5, 11, 15, 16, 20, 23] . It does not break, or change the properties of the biological tissue under study, and only non-ionizing radiation is used. And the relationships between thermoacoustic signals and the physical parameters of biological tissues are well defined. The non-destructive and non-ionizing nature of thermoacoustic techniques makes them ideal for in vivo applications. The thermoacoustic wave generation is illustrated in Fig. 1 . In thermoacoustic wave generation, the tissue is irradiated by pulsed microwave excitation; the microwave energy is selectively absorbed by different tissue structures with dif-B Banu Uzun banu.uzun@isikun.edu.tr
Hazel Yücel hazelyucel@gmail.com 1 Mathematics Department, Işık University, 34980Şile, Istanbul, Turkey ferent dielectric parameters. Then it is converted to heat pulse which causes generation of acoustic waves by thermoelastic expansion; the thermoacoustic signals are detected by ultrasound transducers to be used for image reconstruction of the mediums. Thermoacoustic tomography is studied by several research groups to increase image quality and image depth at the international level which has scientific, technological and commercial potential [7, 18, 27] . Kruger et al. [17] developed instrumentation for measuring the tissue absorption properties of radio waves in the human body using thermoacoustic interactions. Additionally, the basic principles of thermoacoustic imaging and different implementations along with a reference list are given in [2, 9, 21, 22, 33] . Inverse solution of wave equation is examined in [3, 8, 12, 25, 26] . Also mathematical models, problems and algorithms of the thermoacoustic and photoacoustic imaging have been surveyed [19] . Inverse solution of thermoacoustic wave equation with homogeneous medium parameters has been studied by different researchers [30, 32, 35] . Xu and Wang [35] solved the inverse problem for homogeneous medium bounded by two parallel planes, an infinitely long circular cylinder and a sphere. They used expansions involving exponential, Bessel and Legendre functions, respectively. Schoonover and Anas- tasio [30] have presented a solution of thermoacoutsic wave equation involving layered media with the source is in only one-known layer. In addition to acoustically homogeneous situations, the acoustic inverse initial value problem with heterogeneous speed of sound studied for thermoacoustic and photoacoustic tomography [1, 6, 13, 28, 31] .
In this study, we derived analytical forward and inverse solution of thermoacoustic wave equation involving multilayer planar medium with the source distribution existing in all layers by using the explicit expression of planar layered Green's functions which are in exponential form that has extreme complexities. In our multi-layer planar model, thickness of each layer, number of layers, the speed of sound and density values of the medium within each layer are assumed to be known and constant but can be different in each layer. Planar boundaries of the layers are assumed to be parallel to the measurement surface with the source distribution in all layers. These solutions are applicable for imaging of organs such as breast, skin and abdominal whose structures are suitable for multi-layer planar modelling where transducer aperture size is relatively smaller than the medium sizes in lateral and elevational dimensions. We have numerical simulation for qualitative testing and comparison of the point-spread functions associated with the conventional inverse solution (based on homogeneous assumption) and our layered inverse solution (based on nonhomogeneous assumption).
Solution of Thermoacoustic Wave
Equation for Multi-layer Planar Medium
Thermoacoustic Wave Equation
The thermoacoustic wave equation is given as [24, 34] 
where r = (x, y, z) ∈ R 3 and t ∈ R. c is the propagation velocity of the wave (positive constant), p(r, t) is the acoustic wave function (
T is the temperature rise, and β is the thermal coefficient of volume expansion (isobaric volume expansion coefficient). Here, we have the isothermal compressibility using the equation κc 2 = C p C v ρ where C p and C v are specific heat capacities at constant pressure and volume, respectively, and ρ is the density of medium. The thermal energy converted per unit volume and per unit time and given by H (r, t) = A(r)I (t) where A(r) spatial absorption function and I (t) is a nonnegative function under the condition of thermal confinement which is given in [34] . I (t)'s integration over time equals the pulse energy,
is the Grüeneisen parameter [34] . Using these, we can rewrite (1) as
The left-hand side of (2) describes the wave propagation, whereas the right-hand side represents the source term.
Multi-layer Tissue Model
We modelled the nonhomogeneous medium as a multi-layer planar structure. The y cross section of the planar medium modelled by N -parallel layers with different acoustic properties is given in Fig. 2 , where the acoustic detection is performed on the outer surface of the first layer. Note that the N -th layer extents from z N −1 to ∞. We consider that the velocity c m and density ρ m indicate the values of c m (r) and ρ m (r) between the mth and (m − 1)th layers in Fig. 2 . While the density and velocity are different for each layer, they are the same for one layer, i.e., each layer is homogeneous in itself. The layer thickness can be different (m ≤ N ). For the multi-layer planar model, the inverse solution of the thermoacoustic problem is to obtain the source distribution in all of the layers using the acoustic data measured by the transducers. Thermoacoustic imaging is based on inverse solution of inhomogeneous thermoacoustic wave equation with the initial conditions, boundary conditions on the layer boundaries and radiation conditions at infinity. In our reconstruction, the Fourier transform of and, inversely
If we take the temporal Fourier transform of both sides of (2), we obtain the Helmholtz equation:
Here, ω is the temporal frequency coordinate, k = ω/c is the wave number, and p 0 represents the source function, r ∈ R 3 . For any mth layer, we rewrite the (5) as
Here, k m = ω/c m is the wave number in the mth layer, and p
represents the source function in the mth layer (i.e., r in the mth layer).
Radiation Conditions, Continuity Conditions and Initial Conditions (i) Radiation Conditions
The radiation conditions are defined for P(r, ω) as
and
(ii) Continuity Conditions
The boundary conditions for layered medium outlined below are based on well-known conditions used for solutions of wave equations. The continuity at each layer boundary surface S m is defined as
where P is the acoustic waves which is generated by the source in the mth layer. ρ m−1 and ρ m are the densities for the layers m − 1 and m, respectively. n is the normal vector of layer surfaces and detection surface.
(iii) Initial Conditions At t = 0.
As a nature of the problem, inhomogeneous thermoacoustic wave equation (2) must satisfy the following initial conditions:
We use the method of Green's function for the forward and inverse solutions which is a type of function used to solve inhomogeneous differential equations in (5) subject to boundary conditions, radiation conditions and initial conditions. Green's function, which is represented as G(r , r, ω), is the response function at r due to a concentrated source at r [10] . We write the following equation
which is written in terms of Green's function [10, 29] . Here, r = (x, y, z) and r = (x , y , z ) denote the observation (measurement) and source locations, respectively, and δ(r − r ) is the Dirac delta function which is written
cartesian coordinates. For arbitrary mth layer (assuming the source inside the mth layer), we may write
where k m = ω/c m , c m is the velocity of wave propagation in the mth layer. The indices of Dirac delta function indicates that the source coordinates, r , is in the mth layer and G m is the Green's function which is generated by the source in the mth layer. G(r , r, ω) satisfies continuity conditions on the layer boundaries.
Because of the important roles in our derivation, we define outcoming Green's function (G out (r , r, ω)) in which the wave propagates in the direction r → r and incoming Green's function (G in (r, r , ω)) in which the wave propagates in the direction r → r . Outcoming and incoming waves are represented by the superscripts "out" and "in" for Green's functions, respectively. Some functional relations are valid between incoming with outcoming waves with negative and positive frequencies as follows:
And, the following complex conjugate relation valid between incoming with outcoming waves.
where * denotes the complex conjugate. These functions satisfy radiation conditions:
as | r − r |→ ∞,
as | r − r |→ ∞. And
as | r − r |→ ∞. We call G(r , r, ω) ≡ G(r , r) for simplicity.
Forward Solution
Here, we find the pressure field at the measurement surface assuming the source function is in all layers. For an arbitrary layer, say mth layer, given the source density p
0 (r), we need to find the acoustic wave function P(r, ω) for all r ∈ R 3 in frequency domain. Equation (13) is satisfied for incoming and outcoming Green's functions. After we rewrite the (13) for outcoming Green's function, then we multiply (6) and (13) with G out and P, respectively, and subtract side by side, we obtain
If we integrate the (22) in a very large circle which involves the source inside, we can apply the classical Green's formula, and express the forward solution of the (6) for positive frequencies as follows:
Here, V m represents the volume which encloses the source in the mth layer and P(r, w) corresponds to the outcoming wave. Because of the source function is in the all layers in our assumption, we represent the forward solution as follows:
Coefficients of the Green's Functions
When we write r = (x , y , z ) and r = (x, y, z), (13) is expressed for outcoming Green's function as
If we take the two-dimensional spatial Fourier transform in x and y directions of (25), we get
and therefore
whereĜ out m refers to the two-dimensional spatial Fourier transform of G out m . Equation (27) can be written as in the following form:
Here, k x , k y and k
are the spatial frequency components of the wave vector for the mth layer, and k
Except the case when the source is at z = z, the differential equation (28) is reduced to the homogeneous form
After solving (29) for the N -layer planar geometry and taking the inverse Fourier transform of the Green's function at x and y directional, respectively, we derive the outgoing Green's function G out m (x , y , z ; x, y, z) in Fourier domain which is generated by the source in the mth layer 1 (2π) 2 times:
The coefficients C k (1 ≤ k ≤ 2N + 2) are determined by solving (2N + 2) equalities associated with the continuity conditions on the layer boundaries, jump discontinuities at source locations and radiation conditions at infinity. We can find the coefficients by solving the differential equations for N − layer planar geometry assuming the source is in the mth layer. The system of linear equations described by [A].C = B using the notation in [14] . If we write
depends on only layer informations, spatial frequency and temporal frequency, does not depend on where the source is. C is a vector whose elements are coefficients of Green's functions described by C = [C 1 , C 2 , . . . , C 2N +2 ]. B is a vector which includes 2N + 2 elements and these elements are zero except only one element. The nonzero element, -e −i(k x x +k y y ) , in B depends on the layer in which includes the source location. When we write the explicit form of these matrices, because of definition of k z , the coefficients of Green's functions will be even functions of temporal frequency. G out ms (r , r) (outcoming Green's function) which comes from the source to surface is represented as
where s and m indicate, respectively, measurement surface and source location (r and r are the coordinates of mth medium and measurement surface, respectively). In order to specify Green's function, the unknown coefficients C 2N +1 must be determined by using Cramer Rule.
Inverse Solution
Thermoacoustic image reconstruction based on inverse solution of thermoacoustic wave equation with homogeneous medium parameters has been studied by different researchers [32, 35] . In these studies, the source distribution (inverse solution of thermoacoustic equation) has been determined by the following integral equation for homogeneous medium:
where S h is a measurement surface, G h is a free space Green's function and r and r s are source and measurement locations, respectively, and P(r s , ω) is the measured pressure on the measurement surface S h for homogeneous medium. By using the inverse solution for the homogeneous medium, we derive the inverse solution for N -layer planar medium with existing the source distribution in all layers by using spatially continuous layered Green's functions with parameters associated to the layers. Incoming and outcoming Green's functions are symmetric with respect to source and measurement location parameters. Incoming Green's functions and outcoming Green's functions satisfy the Helmholtz equation, so we get
Here, δ i j is Kronecker delta and i, j = 1, . . . , N , the first and the second subscript of Green's functions indicate source location and measurement location, respectively. The Laplace operator which has s indices is written by 
after substraction. If we add the term
to the both sides of (35), we get
These relations make easy to derive the inverse solution. We claim that the following integral equation is valid as the inverse solution of the thermoacoustic wave equation for the N − layer planar medium to find the source function in the mth layer (m ≤ N ) assuming the source distribution is in all layers under (16) relation:
where r and r s are source and measurement locations, respectively, and the subscripts m and s indicate the layer which include the source and measurement surface, respectively. S is the measurement surface. P(r s , ω) is measurement function on the measurement surface and is forward solution of (5) for N -layer planar medium by assuming the source distribution is in all layers.
For the proof of (37), using (24) and fixing the ∂G in ms (r, r s ) ∂n term without changing indices, we write
Since the volume V k enclose the source, we write the dr instead of dV k in (38). Then, we rewrite (38) as in the following form by considering (31) .
Here, the first and the second indices of G out ks indicate the source, the measurement location and r s is measurement coordinate, and r and r represent the source locations depending on the first index of the incoming and outcoming function, respectively. (39) includes the products of Green's functions which have different and same indices. If we call the terms with integrations over ω as K (r , r) and substitute K (r , r) in (39), we get
For the mth layer, we take K m (r , r) = K (1) m (r , r) + K (2) m (r , r), where
k = m and m, k ≤ N . By adding and subtracting the layer surfaces parallel to the measurement surface, we write (41) as
by using the Divergence theorem and continuity conditions on the boundary layers, we get
where
Both G out (r , r s ) and G in (r, r s ) are scalar functions for N − layer planar medium, and we have the identity
By using these and (36), (44), K
m (r, r ) will be written as
Let us take the first and second line of (47)
and use forward solution and initial condition (t = 0). If we take the inverse Fourier transform of both sides of (23), we get
for arbitrary m. When t = 0, pressure wave equal to source function, i.e., p(r, 0) = p 0 (r). We write (49) with independent of indices as
Since (50) holds for arbitrary r and the former integral is valid over R 3 , we may write it more generally as follows:
So, we obtain the following equation for the Green's function.
Using (52) and relation of (16) and (17), we rewritten the integral in (47) over surface S k ,
with k = m. Here, on the boundary surfaces, subject to r s > r and r s > r , the imaginary parts of multiplication of Green's functions are independent of z s . Also, since the planar boundaries of the layers are assumed to be parallel to the measurement plane S,
Under these facts, the derivative of the imaginary part of G out mk G in mk with respect to z s , where m = k and m = k, equals to zero. The real part of integration over ω of taken from −∞ to ∞ of G out mk G in mk also equals to zero because of the fact that Green's functions are even functions respect to temporal frequency due to the definition of k z for arbitrary medium. Then
K (2) (r, r ) includes integration over ω of multiplication of Green's functions by ω which have different subscripts. By using similar calculation with K (2) (r, r ) will be equal to zero. Then we find
If we use them in (40), we obtain
where r in the mth layer. Then we express the analytically inverse solution in frequency domain for the multi-layer planar medium as follows:
Here, the indexes m (m ≤ N ) and s indicate the layer containing the source and the measurement surface, respectively. r in the mth layer and r s on the measurement surface. P(r s , ω) is acoustic pressure measured on the surface S assuming the source existing in all layers. 
Numerical Simulation
For qualitative testing and comparison of the point-spread functions associated with the homogeneous and our layered inverse solutions, we performed numerical simulations for two-layer (skin and fat) and three-layer (skin, fat and muscle) test phantom. In the numerical simulations, we considered a two-dimensional, y-cross-sectional geometry by assuming that the each layer extents to infinity in the third dimension. The array of acoustic detectors (transducers), which is relatively smaller than the medium sizes in lateral dimension, placed the outer of the first layer that is matched to the skin layer a distance of 5 mm a way from the skin in the figures of simulations. We take numerical planar test phantom in two layer has a size of 10 mm × 20 mm, and consists of two point sources in each layer for the skin and fat layers which have 0.95 g/cm 3 and 1.15 g/cm 3 densities, respectively, and the acoustic velocities are 1450 m/s and 1730 m/s, respectively, in Fig. 3 . For comparison with the conventional solution and our layered solution, first we generated the measured data of the pointspread functions using the forward solution (24) with the layered outgoing Green's functions. Then, we used free space Green's function (as incoming wave) in the inversion algorithm (56) where the velocity of the wave propagation and density of medium were taken as the averages of the corresponding parameters of the layers in Figs. 4a and 5a. And we used layer Green's functions (as incoming wave) in the In Fig. 6 , velocities of the wave propagation were assumed to differed from the actual value in the only first layer in the inversion algorithm (56). As the medium parameters may not exactly correct known in practice, robustness tests were performed to determine how well the algorithm performs with respect to imprecise knowledge of various system parameters. Especially, the velocity of the wave propagation of medium assumed by the inversion algorithm is 1595 m/s (10% larger than the actual value of 1450 m/s). 32 point-like transducers with λ 0 /2 an inter-element separation were placed at the bottom of the phantom ( f 0 = 5 MHz, FBW = 100) for fat and skin. Transducer size is 5 mm. One can see that the location of reconstructed point source is incorrect in z direction in first (upper) medium. Under the assumption of misestimation of velocity of the wave propagation c in the any layers, the values set of k z is erroneous in these layers, so it cause the shifting of the source location in z direction.
In Fig. 7 , we took three-layered numerical test phantom. We obtained numerical simulation for three-layered planar medium with the correct point source in all layers in Fig. 8 . For detection of the acoustic field, 32 point-like transducers with λ 0 /4 an inter-element separation were placed at the bottom of the phantom ( f 0 = 5 MHz, FBW = 100) for muscle, fat and skin. Transducer size is 2.4 mm.
Conclusion
We explored analytical forward and inverse solutions of the thermoacoustic wave equation for multi-layer planar media with the sources existing in all layers. We performed numerical simulations for qualitative testing and comparison of the point-spread functions associated with the conventional (homogeneous) and our layered inverse solutions, and using these simulations we indicated the differences between homogeneous and layered solutions. Our simulation results show that the conventional inverse solution based on homogeneous medium assumption, as expected, produces poor and incorrect locations of point sources, whereas our inverse solution involving the multi-layer planar medium produces not poor point sources at the correct locations. Performance of our layered inverse solution is susceptible to accuracy of the layer parameters used as a prior information. This means that accurate estimation of the layer parameters is critically important for the effectiveness of the solution. Our studies are focused on qualitative testing of the thermoacoustic imaging based on the layered inverse solution for different parameters effecting the image quality. Hence, computer simulation studies are conducted to demonstrate and investigate the proposed method. Our inverse solutions based on multi-layer planar media are applicable for cross-sectional 2-D imaging of abdominal structure and the organs such as breast and skin.
